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Abstract: Consider a real bivariate polynomial function that has a strict local minimum at the origin
and that vanishes at this point. In a sufficiently small neighborhood of the origin, the non-zero level
curves of this function are smooth Jordan curves. Whenever the origin is a Morse strict local minimum,
the small enough level curves become boundaries of convex topological disks. Otherwise, the levels
may be non-convex, as it was proven by M. Coste.

In order tomeasure this non-convexity, we introduce a combinatorial object called the Poincaré-Reeb tree
associated to a level curve and to a projection direction. Our main goal is to characterize all topological
types of Poincaré-Reeb trees. I will explain how to construct a family of polynomials that realizes a
large class of these trees.

To this end, we first reduce the problem to the univariate setting, via the interplay between the real polar
curve and the discriminant curve. Using a combinatorial tool inspired by É. Ghys’ recent work, we
give a new and constructive proof for the existence of univariate Morse polynomials whose graphs have
preassigned shapes, encoded by separable “Arnold snakes”.
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